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CZ2A KS HAMILTONIAN
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Energies are in Hartree = 27.211 eV
Lengths are in Bohr = 0.5219 Angstrom

Hydrogen atom ground state energy = -0.5 Ha = -13.6 eV
etc...

The KS Hamiltonian reads
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DFTK.jl

Tutorial

Problems and plane-wave
discretisations

Introductory resources

Basic DFT calculations
Temperature and metallic systems
Collinear spin and magnetic systems

Creating and modelling metallic
supercells

Modelling a gallium arsenide surface
Graphene band structure
Geometry optimization

Response and properties
Polarizability by linear response

Polarizability using automatic
differentiation

Eigenvalues of the dielectric matrix

FIRST DFTK TUTORIAL

For our discussion we will use the classic example of computing the LDA ground state of the silicon crystal.
Performing such a calculation roughly proceeds in three steps.

using DFTK

using Plots

using Unitful
using UnitfulAtomic

# 1. Define lattice and atomic positions
a = b.431u"angstrom" # Silicon la e constant
lattice = a / 2 = [[@ 1 1.]; # Silicon = vectors

[101.]; # specified column by column
[110.]];

By default, all numbers passed as arguments are assumed to be in atomic units. Quantities such as temperature,
energy cutoffs, lattice vectors, and the k-point grid spacing can optionally be annotated with Unitful units, which are
automatically converted to the atomic units used internally. For more details, see the Unitful package
documentation and the UnitfulAtomic.jl package.

# Load HGH pseudopotential for Siliceon
Si = ElementPsp(:5i, psp=Lload_psp("hgh/lda/Si-g4"))

# Specify type and positions of atoms
atoms = [Si, 5i]
positions = [ones(3)/8, -ones(3)/8]

# 2. Select model and basis

model = model_LDA(lattice, atoms, positions)

kegrid = [4, 4, 4] # k-point grid (Regular Monkherst-Pack grid)
Ecut = 7 # kinetic energy cutoff

# Ecut = 190.5u"eV" # Could also use eV or other energy-compatible units
basis = PlaneWaveBasis(model; Ecut, kgrid)
# Note the implicit passing of \ rguments here:

# this is equivalent to PlaneWaveBasis(model; Ecut=Ecut, kgrid=kgrid)

# 3. Run the SCF procedure to obtain the ground state
scfres = self_consistent_field(basis, tol=1e-8);
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For our discussion we will use the classic example of computing the LDA ground state of the silicon crystal.
Performing such a calculation roughly proceeds in three steps.

using DFTK

using Plots

using Unitful
using UnitfulAtomic

# 1. Define lattice and atomic positions
a = b.431u"angstrom" # Silicon la e constant
lattice = a / 2 = [[@ 1 1.]; # Silicon = vectors

[101.]; specified column by column

[110.]1];
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By default, all numbers passed as arguments are assumed to be in atomic units. Quantities such as temperature,
energy cutoffs, lattice vectors, and the k-point grid spacing can optionally be annotated with Unitful units, which are
automatically converted to the atomic units used internally. For more details, see the Unitful package
documentation and the UnitfulAtomic.jl package.
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kegrid = [4, 4, 4] # k-point grid (Regular Monkhorst-Pack grid)
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For our discussion we will use the classic example of computing the LDA ground state of the silicon crystal.
Performing such a calculation roughly proceeds in three steps.

using DFTK
using Plots

DFTKjl using Unitful

using UnitfulAtomic

# 1. Define lattice and atomic positions

a = b.431u"angstrom" # Silicon lattice constant
Tutorial lattice = a / 2 = [[@ 1 1.]; # Silicon lattice vectors
[101.]; # specified column by column
Problems and plane-wave [1160.]];

discretisations

By default, all numbers passed as arguments are assumed to be in atomic units. Quantities such as temperature,
Introductory resources
energy cutoffs, lattice vectors, and the k-point grid spacing can optionally be annotated with Unitful units, which are
Basic DFT calculations automatically converted to the atomic units used internally. For more details, see the Unitful package

documentation and the UnitfulAtomic.jl package.
Temperature and metallic systems

# Load HGH pseudopotential for Silicon

Collinear spin and magnetic systems
Si = ElementPsp(:5i, psp=Lload_psp("hgh/lda/Si-g4"))

Creating and modelling metallic

supercells # Specify type and positions of atoms
atoms = [Si, 5i]

Modelling a gallium arsenide surface positions = [ones(3)/8, -ones(3)/8]

Graphene band structure # 2. Select model and basis
model = model_LDA(lattice, atoms, positions)

Geometry optimization kgrid = [4, 4, 4] # k-point grid (Regular Monkhorst-
Ecut = 7 # kinetic energy cutoff

Response and properties # Ecut = 190.5u"eV" # Could also use eV or other energy

basis = PlaneWaveBasis(model; Ecut, kgrid)
# Note the implicit passing of keyw
# this is equivalent to PlaneWaveBa

Polarizability by linear response

rd arguments here:

Polarizability using automatic e

differentiation

# 3. Run the SCF procedure to obtain the ground state

Eigenvalues of the dielectric matrix scfres = self_consistent_field(basis, tol=1e-8);
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C2A 1-D “CRYSTAL”

An atomic chain; unit cell

—3a —2a —a 0 a 2a 3a 4a 5a

The Hamiltonian is periodic:

H(x+a)=H(x)

What is the form of the wavefunction?

plxra)=ylx)

The wavefunction is not an observable in guantum-mechanics,
however its square-module is

lp(x+a)f=|p(x)? = yplx+a)=e"y(x)



CZ2A 1-D BLOCH THEOREM

Bloch theorem:

The eigenfunctions of a periodic hamiltonian ~ H (x+a)=H (x)

are of the form

Y (x)=

1.,
JN

ikxuk<x>

where u,(x+a)=u,(x)
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Bloch theorem:

The eigenfunctions of a periodic hamiltonian ~ H (x+a)=H (x)
]- ik x

are of the form X)|=——e "u,lx

¥ (x) TN k()

where u,(x+a)=u,(x)

Let’s evaluate: /\/\ /\/\ /\/\
1 ik(x+a) \V/\ /\\/\/\
werab=gutoen TP

_i_eikaeikxuk(x)

N

— ika .
=e"y,(x) The phase factoris  e'“
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CZA PERIODIC BOUNDARY CONDITIONS

known as Born-von Karman (BvK)

°
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: N-atom ring
N-atom chain

Let’'s choose that wavefunctions are periodic with period Na with large N

p(x+Na)=y(x)

f dx |y, (x)[’=1 ) Y (x)=—e" *u,(x)

assuming | dx|u,(x)f=a
0
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CZ2A9 FOURIER SERIES

Let us gather the results:

]- ikx
wk(x)=me" Uk(x> where kzz—ﬂn

We can use a Fourier series for

w(x)= Y G, (m)e™ o
meZz _
a
xXb
11
—1 0 1 2
1 1 1 1
— ﬁ 1+ﬁ 2+N




15T BRILLOUIN ZONE
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N N N
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wk(x>_\/N—am;zcn(m)e where nez
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15T BRILLOUIN ZONE

Xb
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—1 0 1 2
1 1 1 1
—— — 1+— 2+—
N N N
1 l(ﬁn+bm)x
%(X) \/N—Clmgzcn(m)e where ne/z
If —< n < BTN , n'=n—N wheren'e +1, %]
1 l(ll\)[n+b(m 1)) ( n'+bm')x
P (x)=—= 2, C,(m)e Z C .(m'+1)e
\/NamEZ am €z
. : . N N
This is a wavefunction we already had, then we can limitto ne& —§+1, o)

This is the 1% Brillouin zone.



CZA POWER OF BLOCH THEOREM

H is block-diagonal:

Diagonalization for each k-point can be conducted independently



CZ2A LINK WITH DFT CODES

# 2. Select model and basis
model = model_LDA(lattice, atoms, positions)

kgrid = [4, 4, 4] # k-point grid (Regular Monkhorst-Pack grid)

Ecut = 7 # kinetic energy cutoff

# Ecut = 190.5u"eV" # Could also use eV or other energy-compatible units
DFrK.jl basis = PlaneWaveBasis(model; Ecut, kgrid)
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CZ2A CRYSTAL LATTICES

Crystal axis: ai, az, as

Direct lattice vector: R = n,a,+n,a,+n,da,
3
{nlﬁ n2: HS}EZ

Periodic hamiltonian: ~ H (r + R) =H ( r)

o 2:

1—702X03

Reciprocal lattice axis: b _Z_J'ca oy
2T

b3:7611><02

Reciprocal lattice: G=h bl +k b2+l b3 ) e'
(h,k,1leZ?



CZ2A FROM1-D TO 3-D

1 1K X
T/Jk(x):me ' Uk(x>
3-D 1 ik-r

where u,(x+a)=u,(x)

Fourier series in 1-D:

u(x)= 2, Ci(m)e™”

|m|< mmax

where U, (r+R)=u,(r)

Fourier series in 3-D:

uk<r): Z Ck(G)eiG'r



CZ2A FROM1-D TO 3-D

T/Jk(x):\/—llv—aeikxuk(x> where uk(x'l'a):uk(X)
Fourier series in 1-D:
u(x)= 2, C(m)e™
Im|<m,q,,
3-D 1 ik-r

wk(r)=me u(r)  where u(r+R)=u,(r)

Fourier series in 3-D:

uk<r): Z Ck(G)eiG.r

> Final expression:

1 i(k+G)r
zpk(r)zm Z Ck(G)e(k G) uk(r)
G<G,,
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Volume of the sphere containing all the PW:
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CZA HOW MANY PLANE-WAVES = CUTOFF ENERGY

Reciprocal lattice: (G =h b1 + k b2 +1 b3

Volume of the sphere containing all the PW:

4
Vsphere 3 Gmax
Volume of occupied by 1 single PW.
(27)
Vow=b,.(b,Xb,)="——
v
Number of PW: V
N __ " sphere __ V GB
PW VPW 6 J'L’Z max
Cutoff energy: 2
E h GmaX
Cutoff 2 m
And finally
3/2
NPW ocV Ecutoff



CZ2A LINK WITH DFT CODES

# 2. Select model and basis

model = model_LDA(lattice, atoms, positions)

kgrid = [4, 4, 4] # k-point grid (Regular Monkhorst-Pack grid)
Ecut = 7 # kinetic energy cutoff

DFI'K.jl # Ecut = 190.5u"eV" # Could also use eV or other energy-compatible units

basis = PlaneWaveBasis(model; Ecut, kgrid)

n,

1 i(ﬂb +

N, ' N
— e 1 2 3 C
JVN,N,N, 2 Conn

|G |2/ 2< Ecutoff

n
b,+—>b,)r

t(r) (G)e™”

nle:—7+1,—:

2
where nze'—&+1 &

nel——+1

Regular sampling of the 1 Brillouin zone



CZ2A PW ARE A SYSTEMATIC BASIS

PW basis functions are orthogonal + quantum-mechanics variational principle

-7.45 T T T T T T

7.9373712542 -+~
‘e_ecutdal’ ——

-7.5
7.55 Silicon i
-7.6 |-

-7.65 |

7.7 |

-7.75 |

7.8 |

E total (E cutoff)

-7.85 |

79t E CBL

7.95 L i L L A L I i L
i 2 3 4 5 6 7 8 9 10 1

E cutoff [Ha]
Adding more PW or increasing the cutoff energy makes ALWAYS the result more accurate




EXAMPLE: BAND STRUCTURE
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Why should we treat the core electrons? Si: 1s? 2s? 2p° 3s? 3p?
1. They do not participate to the chemical bonds

2. They converge very slowly with respect to the PW basis
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CZ2A PSEUDOPOTENTIAL IDEA

Why should we treat the core electrons? Si: 1s? 2s? 2p° 3s? 3p?
1. They do not participate to the chemical bonds

2. They converge very slowly with respect to the PW basis

‘ First, frozen-core approximation:
The core electron do not change with the environment

same in the isolated atom, a molecule, an ion, a crystal

‘ Second, pseudopotential:

Create an effective potential that simulates the sum of the nucleus
attraction and core electron repulsion
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All electron

9 g«
L T Bl
2XZ
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CZ2A FICTIOUS EXAMPLE

All electron Pseudopotentials
' ' vEx]:ll : o | ~~ vp\sfg}}g : |
o by, (r) P, (r) I —
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DE LA RECHERCHE A LINDUSTRIE

LINK WITH DFT CODES

# Lo GH pseudopotential for Silicon
Si = ElementPsp(:5i, psp=load_psp("hgh/lda/Si-gd"}))

DFTKjl

pseudopotentials are

- element-specific

- generated for an isolated spherical atom (with another code)

- read from a file shipped with the code or obtained somewhere else

I . m FA.Q. C bute Papers
EXal I Ip e . Select the flavor and format, then click "Download” |2 1
to get the complete table of pseudos or choose a 39 Hegg
15

M ea3h13 specific element. "HTML" gives full test results. “Hmm"ﬂ
3 2 4 2 hints tests & 2| 6 2 | 2 |8 2 |9 2| |10 2,
% O 3 F oy nNey
4 65 (2 05 (m 17
4 0m (& 060 |10 a

Oxygen Fiuorine Neon
16 & 117 2| |18 2
Type Accuracy Format : oE N . cl n Argg
| NC SR (ONCVPSP v0.4.1) standard $ | psps8 i . G B om| 3 ow |3

— - = = == = e Sulphu Chiorine Argon

19 3 |20 3 |21 4| 225 4| (28 4 24 4 25 4 26 4 27 4 |28 4| (29 4 30 4 3 3| |32 3 |33 3| |34 3 |35 2| |36 2
s Kop 12C80 5SCs: 5 Tiog 5 Via s Clios (sMNgy  F@s ;€040 s Niyy 5o Clos 159 ZNgs 155Gy 1G5 o5 ASps 139 S€0s |1 Brog 5 Kryg
3 20 03| |39 28| |42 13 |4 16| |47 81| 45 169 |45 92 |48 14 |49 15 (45 09 |22 08| 40 %5 |3 10| 42 07 |48 05 3 02 |3 23
4 03 3 020 45 00 |46 000 48 -0i0 |55 54 010 |53 010 (54 000 [s5 010 |s2 010 |48 010 46 000 (45 000 |48 -000 49 010 (29 -020| |3
Potassium | | Calcium | | Scandum | | Ttaniu Vanadum | | Chromium | | Manganese fron Cobalt Nickel Copper Zinc Galium | | Germanium | | Arsenic Selenium | |~ Bromine Kiypton
37 3 38 3 |39 4 40 4 4 4 42 4 43 4 44 4 45 4 46 3 4 4 48 4 49 3 50 3 |51 3| |52 3| |53 2| |54 2
Rb Sr 7 i Nb Mo Tc Ru Rh Pd A Cd In Sn Sb Te Xe
PR (220l ity = Clon) B0 MO O Rtlr w80 @800 wt00 BRI BREE 20 s (Corl ln | o) |m A€o0
040 |20 02| 2 010 |3 000 49 000 |4 010 |45 000 55 00| |50 000 49 00 7 000 |37 000 g 00| 4 000 41 000 |46 00| i 000 |a n
Rubidium | | Strontium Yitrium Ziconium | | Niobium | |Molybdenum | Technetum | | Ruthenium | | Rnodium | | Palladium Sitver Cadmium indium Tin Antimony | | Tellurium odine Xenon
55 3 56 3 e 4 73 4 74 4 75 4 76 4 77 4 78 4 79 4 80 4 81 3 82 3 8 3 84 3 8 na 86 3
19 CSoy 4 By, g Hfogs s T80 o Wos Ry 1,08y, 1 IN1e g Plog o AUss (50 HGos 57 Thay 20 PBoy 12 Bigs 153 POgs 1o At | RNy,
% s 2 49 20 08 % 06 |3 01 |3 04 3 09| 34 09 4 05 33 16 @8 72 @ 02 (8 01 & 04 3 05 |na na| |3 24
2 04 2% 010 3% 000 |35 010 |41 000 |4 010 43 00| 4 020 |50 020 |24 010 |3 fal 37 010 3 010 3 00 3@ na |na na| |22 na
caesium Barium Hafum | | Tantaum | | Wolfia Rnenium Osmium rigium Platinum o WMercury Thallum Lead Bismuth | | Polonium | | Astatine Radon
87 88 104 105 106 107 108 109 110 m 12 13 114 15 116 17 18
Fr Ra Rf Db Sg Bh Hs Mt Ds Rg Cn Nh FI Mc Lv Ts Og
Francium Radium Bt Dubnium | Seaborgium | | Bohrium Hassium | | Meimerium | | <o e i Ninonium | | Fierovium | | Moscovium | | Livermorium| | Tennessine | | Oganesson
57 4/ |58 na (59 na 60 nal 61 nal 62 na 63 na 64 na 65 nal 66 na |67 na 68 na |69 na |70 na |71 5
29 L8 5l o2 COml oo PV al foa N | JoaP Myl |0 SM il 0 EU | 12 G gl s TD sa| ra DY raf ra HO sl ra EF o TMia |ra YD il o LU
2 .l nal 12 =l el I =l i =l I el in L =l g == =l 1= nal 2 =l e ml IR 22

Techniques: norm-conserving pseudos, ultra-soft pseudos, PAW



CZ2A  OUTLINE

1. Plane-wave basis in 1D

2. Plane-wave basis in 3D

3. Pseudopotentials

4. Kohn-Sham hamiltonian and self-consistency

5. Further reading tips
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depends on the density
=) on linear equations

+v,_ (r)+vylpl(r)+v, [p](r)

'

H, y,.=¢,.¢,. Diagonalization

l

p(r)z Z |1Pki(r)|2

k ,iocc

[ TR SR



NON-LINEAR SCHRODINGER EQUATION

depends on the density

_ =) non linear equations
chicken and egg problem

fu veux manger?...
Eh bien, mange!...

L]

:[AM Fu ds faim?. .. A.IJ;J

Pue fais-tu
ld, Tinfin?...

{ET jonalization

Ly
E



NON-LINEAR SCHRODINGER EQUATION

depends on the density

. (0)
First guess for p ' (r) j == non linear equations
V

2
|—>H(r)= SV (F)rvylpl(r)+v, [p](r)
H, y,.=¢,.¢,, Diagonalization
if |[0"—0""Y|>tol l

L )= e

k ,iocc

e




LINK TO DFT CODES

# 3. Run the SCF procedure to obtain the ground state
scfres = self_consistent_field(basis, tol=1le-8);

|,0(n)—,0(n_1)|>t01

In practice, it is a slightly more complicated
Instabilities, slow convergence happen

‘ > H[p"](r)
IO(n)in — F [p(n) out ,p(n—l) out, p(n—Z) out, ]
simple mixing ) v ,
Pul n out _
Kgri)ér preconditionning P (r)_ Z |1Pki(r)|

k,i occ
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2. Plane-wave basis in 3D
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CZ2A TO KNOW MORE

¢ B O O k . P a rr & Yan g ( 1 9 8 9) Density-Functional
Theory of Atoms
and Molecules

ROBERT G. PARR

* Online: ABC of DFT of Burke
http://dft.uci.edu/research.php#theabcofdft

OXFORD SCIENCE PUBLICATIONS

ASHCROFT, MERMIN

* Book: Ashcroft & Mermin (1976)

Richard M. Martin

Electronic Structure

Basic Theory and Practical Methods

* Book: R. Martin (2004) soLD STATE PHYsCS IS E‘,


http://dft.uci.edu/research.php#theabcofdft

Commissariat a I'énergie atomique et aux énergies alternatives - www.cea.fr
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